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Abstract
It is known that in the Minkowski vacuum a bunch of IIA superstrings with D0-branes can be
blown-up to a supersymmetric tubular D2-brane, which is supported against collapse by the
angular momentum generated by crossed electric and magnetic Born-Infeld (BI) fields. In
this paper we show how the multiple, smaller tubes with relative angular momentum could
condense to a single, larger tube to stabilize the system. Such a phenomena could also be
shown in the systems under the Melvin magnetic tube or uniform magnetic field background.
However, depending on the magnitude of field strength, a tube in the uniform magnetic
field background may split into multiple, smaller tubes with relative angular momentum to
stabilize the system.
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1 Introduction
In an interesting paper [1], Mateos and Townsend showed that a cylindrical, or tubular D2-
brane in a Minkowski vacuum spacetime can be supported against collapse by the angular
momentum generated by crossed electric and magnetic Born-Infeld (BI) fields. The back-
ground in this case is trivial as there is no external force as that in the Myers effect [2], in
which the D0 branes in an external RR four-form field will expand into the fuzzy sphere to
stabilize the system.
In this paper we will first show how the multiple, smaller tubes with relative angular
momentum could condense to a single, larger tube to stabilize the system in a Minkowski
vacuum spacetime. We next investigate the phenomena in the system under the Melvin
magnetic tube background. Note that the Melvin metric is a solution of Einstein-Maxwell
theory, which describes a static spacetime with a cylindrically symmetric magnetic flux tube.
It provides us with a curved space-time background in which the superstring theory can be
solved exactly [4]. In the Kaluza-Klein spacetime the Melvin solution is a useful metric to
investigate the decay of magnetic field [5] and the decay of spacetimes, which is related to
the closed string tachyon condensation [6]. The fluxbranes in the Melvin spacetime have
many interesting physical properties as investigated in the resent literatures [7].
We also investigate the phenomena in the system under a uniform magnetic field back-
ground. The background can be obtained by Kaluza-Klein reduction of a special class of
plane wave solutions and also provides us with a curved space-time background in which the
superstring theory can be solved exactly [8,9]. The problem of the decay of the uniform mag-
netic field, which is related to the closed string tachyon condensation had also been studied
in [10]. We also see that, in the uniform magnetic field background, the multiple, smaller
tubes could condense to a single, larger tube to stabilize the system. However, depending on
the magnitude of field strength, a tube in the uniform magnetic field background may split
into multiple, smaller tubes with relative angular momentum to stabilize the system.
2
2 Tube in Melvin Magnetic Tube Field Background
In the ten-dimensional IIA background the Melvin metric is described by [3]
ds210 = Λ
1/2
(
−dT 2 +
6∑
m=1
dymdy
m + dZ2 + dR2
)
+ Λ−1/2R2dΦ2,
e4φ/3 = Λ, AΦ =
Br2
2Λ
, Λ ≡ 1 +R2f 2, (2.1)
The parameter f is the magnetic field along the Z-axis defined by f 2 = 1
2
FµνF
µν |ρ=0. The
Melvin spacetime is an exact solution of M-theory and can be used to describe the string
propagating in the magnetic tube field background.
The D2-brane Lagrangian, for unit surface tension, is written as
L = −e−φ
√
− det(g + F ), (2.2)
where g is the induced worldvolume 3-metric and F is the BI 2-form field strength. If we
take the worldvolume coordinates to be (t, z, ϕ) with ϕ ∼ ϕ + 2π, then we may fix the
worldvolume diffeomorphisms for a D2-brane of cylindrical topology by the ‘physical’ gauge
choice
T = t, Z = z, Φ = ϕ. (2.3)
For a static cylindrical D2-brane of radius R, with the z-axis as the axis of symmetry, the
induced metric is
ds2(g) = Λ1/2
(
−dt2 + dz2
)
+ Λ−1/2R2dϕ2. (2.4)
We will allow for a time-independent electric field E in the z-direction, and a time-independent
magnetic field B, so the BI 2-form field strength is [1]
F = E dt ∧ dz +B dz ∧ dϕ. (2.5)
The field will generate an angular momentum to stabilize the tubular D2 brane and prevent
its collapsing to zero radius [1]. Under these conditions the Lagrangian becomes
L = −Λ−3/4
√
Λ1/2(R2 +B2)−E2R2Λ−1/2. (2.6)
The momentum conjugate to E takes the form
Π ≡ ∂L
∂E
=
ER2Λ−5/4√
Λ1/2(R2 +B2)−E2R2Λ−1/2
. (2.7)
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The corresponding Hamiltonian density is
H ≡ ΠE −L = Λ
−1/2
R
√
(R2 +B2)(R2 + Λ1/2Π2) . (2.8)
For an appropriate choice of units, the integrals
qs ≡ 1
2π
∮
dϕΠ and q0 ≡ 1
2π
∮
dϕB (2.9)
are, respectively, the conserved IIA string charge and the D0-brane charge per unit length
carried by the tube [1].
We can now use the Hamiltonian density (2.8) to perform the following two analyses.
Let us first see the system in the Minkowski vacuum spacetime. In this case (2.8) become
H(R,B,Π) = 1
R
√
(R2 +B2)(R2 +Π2). (2.10)
The Hamiltonian density has a minimum at finite radius R0 =
√
BΠ and
Hmin(R,B,Π) = |B|+ |Π| = |qs|+ |q0|. (2.11)
Therefore we have a simple relation
Hmin(R,NB,NΠ) = N Hmin(R,B,Π). (2.12)
This relation tells us that a big tube, formed from the IIA superstring with charges Nqs and
carrying D0-brane charges Nq0 has the same energy as N smaller tubes, formed from the
IIA superstring with charges qs and carrying D0-brane charges q0. However, the big tube
will carry angular momentum Jbig = N
2qsq0 which is larger than the angular momentum
JNsmall = Nqsq0 carrying by the N smaller tubes. Thus, the N smaller tubes moving with
relative angular momentum Jrel = (N
2−N)qsq0, which will add to the over all energy of the
tubes [11] and break the supersymmetry, will condense to a single, larger tube to stabilize
the system [12].
For example, in figure 1 we show the dynamical process of joining two tubes. First, two
tubes with a relative angular momentum approach to each other. After hitting on the two
tubes will join and recombine [13] itself to a new configuration. Finally, a larger tube of
stable configuration is formed.
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Figure.1. The dynamical process of joining two tubes. Two tubular configurations with rela-
tive angular momentum approach to each other, then they hit on, recombine, and join to a
larger tube.
There is an another possible situation in which two tubes hit on to each other while
without relative angular momentum. In this case the recombined configuration might be a
joined two-cylinders of the shape of the Arabic letter 8 1. However, as the energy of tube will
depend on the cross sectional shape [11] it seems difficult to analyze the problems therein.
Thus, in this paper we will consider only the case of the tubes with circular cross section,
which have a relative angular momentum.
The important constraints in the process of condensation are the conservations of the
charge and angular momentum. The above analyses tell us that to satisfy the two constraints
the N smaller tubes shall be moving with suitable relative angular momentum to condense
to a single, larger tube.
Another possible phenomena is that the multiple, static tubes could also condense to a
single tube. In this case, however, to satisfy the two constraints the angular momentum
of the constituent static sub-tubes shall not all at the same direct. To see this fact let us
consider two tubes with charges Q1 ≡ (q0, qs) = (B,Π1), Q2 = (−B Π2Π1 ,Π2) and angular
momenta J1 = BΠ1, J2 = −BΠ2 Π2Π1 , respectively (B and Πi are chosen to be positive.).
The two tubes have total charge Q1+2 = (B − B Π2Π1 ,Π1 + Π2). and total energy E1+2 =
Π1 + Π2 + B + B
Π2
Π1
. A single tube we consider has charges Q = Q1+2, which will have
angular momentum J = (Π1 + Π2)(B − B Π2Π1 ) and energy E = Π1 + Π2 + |B − B Π2Π1 |. It
1This dynamical joining and splitting of the tubes is suggested by the referee.
5
can be seen that the constraints Q = Q1 + Q2 and J = J1 + J2 are satisfied. However, as
E1 + E2 > E the two tubes will condense to a single tube.
We now turn to the system in the external magnetic field background. The Hamiltonian
density (2.8) is
H = (1 + f
2R2)
−1/4
R
√
(R2 +B2)
(
(1 + f 2R2)−1/2R2 +Π2
)
, (2.13)
which has a minimum at a finite radius. The Hamiltonian has two interesting properties
H(R, f,NB,NΠ) = N H
(
R
N
,Nf,B,Π
)
. (2.14)
H (R,Nf,B,Π) < H (R, f, B,Π) , if N > 1. (2.15)
Using the properties we have the relation
Hmin(R, f,NB,NΠ) = N Hmin
(
R
N
,Nf,B,Π
)
< N Hmin
(
R
N
, f, B,Π
)
, if N > 1.
(2.16)
Because that
Hmin
(
R
N
, f, B,Π
)
= Hmin (R, f, B,Π) , (2.17)
we have the final relation
Hmin(R, f,NB,NΠ) < N Hmin (R, f, B,Π) . if N > 1, f 6= 0 (2.18)
This equation implies that in the Melvin magnetic tube background the N tubes with charge
Q = (B,Π) will have higher energy then a bigger tube which has charge Q = (NB,NΠ).
Then, as the discussions in the Minkowski vacuum the, N smaller tubes which are moving
with suitable relative angular momentum will to condense to a single, larger tube.
3 Tube in Uniform Magnetic Field Background
The metric of ten-dimensional spacetime with uniform magnetic field is described by [8-10]
ds2 = −
(
dt+
2∑
i=1
ǫij
f
2
xjdxi
)2
+
2∑
i=1
dxidxi +
9∑
m=3
dxmdxm, (3.1)
in which f is the strength of the magnetic field and the dilaton is constant. This solution is
different from the Melvin background in which the magnetic field strength decreases from a
finite value at the origin to zero at infinity.
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As in section 2, we allow for a time-independent electric field E in the z-direction, and
a time-independent magnetic field B. For a static cylindrical D2-brane of radius R the
Lagrangian, for unit surface tension, is
L = −
√
R2(1−E2) + (B − fER2/2)2. (3.2)
The corresponding Hamiltonian density becomes
H = 1
R(f 2R2 − 4)
(
2ΠBfR−
√
(4B2 + 4R2 − f 2R4)(4Π2 + 4R2 − f 2R4)
)
, (3.3)
in which Π is the momentum conjugate to E. The Hamiltonian has a minimum at a finite
radius. Thus strings carrying D0-brane charges can be blown-up to a tubular D2-brane with
a finite radius. The energy of the tubular D2 brane is the function of the string charge qs,
D0-brane charge q0, and strength of the background magnetic field f .
To proceed, we will consider the system with Π = B. In this case the Hamiltonian density
becomes
H = 2B
2
R(fR + 2)
+R, (3.4)
which has a simple form and we could therefore perform the following analyses.
The Hamiltonian density (3.4) has the interesting properties
H(R, f,NB) = N H
(
R
N
,Nf,B
)
. (3.5)
H (R,Nf,B) >< H (R, f, B) , if N > 1, f <> 0. (3.6)
Using the properties we have the relation
Hmin(R, f,NB) = N Hmin
(
R
N
,Nf,B
)
>
< N Hmin
(
R
N
, f, B
)
, if N > 1, f <> 0. (3.7)
As we also have a property Hmin
(
R
N
, f, B
)
= Hmin (R, f, B), we have the final relation
Hmin(R, f,NB) >< N Hmin (R, f, B) , if N > 1, f <> 0. (3.8)
The case of f > 0 will behave as before as can be easily seen. So let us turn to the case of
f < 0.
As before, to satisfy the conservation of angular momentum we may consider the case of
the N moving tubes with relative angular momentum. The additional energy coming from
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the relative moving is Erel =
J2
rel
2I
, in which I is the inertial moment of the N tubes and
Jrel is the additional angular momentum from the relative moving. In the case of very large
inertial moment (for example, the distances between constitute tubes are very large) the
energy Erel will be very small and thus the N tubes could still have less energy then that of
a bigger tube. In this case, a tube in the uniform magnetic field background may split into
multiple, smaller tubes with relative angular momentum to stabilize the system.
In general, the system may show the condensation of multiple tubes or the splitting of a
large tube, depending on the magnitudes of the Π (∼ string charges qs), B (∼ D0 charges
q0) and f (the strength of magnetic field).
4 Conclusion
In conclusion, a cylindrical, or tubular D2-brane in a Minkowski vacuum spacetime can
be supported against collapse by the angular momentum generated by crossed electric and
magnetic Born-Infeld (BI) fields. A bunch of IIA superstrings with D0-branes can thus be
blown-up to a supersymmetric tubular D2-brane. In this paper we show how the multiple,
smaller tubes with relative angular momentum could condense to a single, larger tube to
stabilize the system. We also show that such a phenomena could be seen in the system
under the Melvin magnetic tube or uniform magnetic field background. Especially, we
find that, depending on the magnitude of field strength, a tube in the uniform magnetic
field background may split into multiple, smaller tubes with relative angular momentum to
stabilize the system.
Finally, the dynamics of splitting and joining tubes may also be investigated in the matrix
model [14,15] or the effective tachyon action [16,17]. We will study the problems in the future
papers.
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